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Entanglement and quantum phase transition in quantum mixed spin chains
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The ground entanglement and thermal entanglement in quantum mixed spin chains consisting
of two integer spins 1 and two half integer spins 1
2
arrayed as 1
2
−
1
2
− 1 − 1 in a unit cell
with antiferromagnetic nearest-neighbor couplings J1(J2) between the spins of equal (different)
magnitudes, are investigated by adopting the log-negativity. The ground entanglement transition
found here is closely related with the valence bond state transition, and the thermal entanglement
near the critical point is calculated and shown that two distinct behaviors exist in the nearest
neighbor same kind of spins and different kind of spins, respectively. The potential application of
our results on the quantum information processing is also discussed.
PACS numbers: 03.65.Ud, 03.67.-a
I. INTRODUCTION
Entanglement, one of the most striking features of
quantum mechanics [1], has been recognized as an impor-
tant resource for quantum information processing [2, 3].
Recently, the entanglement in the systems of condensed
matter physics such as the Heisenberg models has cause
much attention [4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15,
16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26]. Natural en-
tanglement in the thermal equilibrium of the spin chains
coupled by the exchange interaction has been found and
it is shown that the temperature or the external magnetic
field can enhance the pairwise entanglement of spins [5].
The relations between the ground state entanglement and
quantum phase transition have also be revealed for the
classes of spin-1/2 chains [8, 10, 11]. All results con-
cerning the entanglement in the Heisenberg spin chains
showed that the entanglement can make a bridge across
the condensed matter physics and quantum information
theory.
One of the most famous results in quantum spin chains
is the Haldane conjecture which implies that the half-
odd-integer antiferromagnetic Heisenberg chains should
have gapless spectrum with algebraic decay of correla-
tions at zero temperature and integer spin ones should be
gapped with exponential decay of correlations. Recently,
some authors have addressed whether the entanglement
length is finite or infinite in the Heisenberg spin-1 chain
which is a gapped quantum Hamiltonian and proven the
existence of an infinite entanglement length as opposed
to their finite correlation length [23]. Besides the spin-
1 chains, recent experimental achievements [28, 29, 30]
have stimulated the interest to study both analytically
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and numerically the mixed quantum spin chains, such
as the alternating quantum spin chain with S1 = 1/2
and S2 = 1 with antiferromagnetic nearest-neighbor ex-
change interaction or more complicated hypothetical 1D
periodic structures of different spins with ferrimagnetic
properties [31]. The topology of spin arrangements in the
ferrimagnetic chain plays an essential role on the varia-
tion of energy gap associated with Haldane conjecture
and on the magnetism of ground states. The ground
state of ferrimagnetic chain with two kinds of different
spins is either a spin singlet or ferrimagnetic due to the
setup of the bipartite lattices following Marshall theorem
[32]. By applying the Lieb-Schultz-Mattis theorem [33],
one can find whether the ferrimagnetic chains have a gap-
less excitation though the theorem failed to predict the
existence of a gapped excitation. In this Letter, we con-
sider the ground state entanglement and thermal state
entanglement in an interesting model which is called as
quantum mixed spin 1/2-1/2-1-1 chain by making use of
the quantum Monte Carlo method with a improved loop
cluster algorithm [34]. Over the past years, the quantum
Monte Carlo method with a improved loop cluster algo-
rithm has proven it to be a efficient numerical tool to deal
with the complicated coupled spin chains [34, 35]. So it is
very credible to numerically investigate the nonclassical
properties such as the entanglement of the mixed spin
chain by adopting this method.
For first time, we investigate the ground state entangle-
ment of the mixed spin chain up to 128 sites by exploring
the log-negativity as an entanglement measure. Two dis-
tinct behaviors of pairwise entanglement are found. We
provide a evidence that the ground state entanglement
between two 1/2 spins or between 1/2 spin and 1 spin
are closely related to the so-called VBS phase transition.
At the point of VBS phase transition, the ground state
between two 1/2 spins can be transferred to two differ-
ent kinds of spins i.e. the spin 1/2 and spin 1 or vice
versa. Furthermore, the thermal state pairwise entan-
2FIG. 1: Graphical representation of the Hamiltonian in
Eq.(1), the black and white circles represent spins 1
2
and 1,
respectively.
glement is also studied and whether the thermal entan-
glement can be improved by increasing the temperature
or not is also addressed, which strongly depends on the
parameter α = J2/J1.
This paper is organized as follows: In Sec.II, we briefly
outline the basic content of the quantum mixed spin
chain and investigate the ground state entanglement
between two nearest-neighbor spins 12 or between two
nearest-neighbor spins 12 and 1. In Sec.III, we investigate
the thermal state entanglement between two nearest-
neighbor spins 12 or between two nearest-neighbor spins
1
2 and 1. It is shown that the entanglement can be en-
hanced by improve the temperature. In Sec.IV, there are
some conclusive remarks.
II. The ground state entanglement and the VBS
phase transition of quantum mixed spin chain
Now we consider the quantum antiferromagnetic mixed
spin S1 − S1 − S2 − S2 chain displayed by Fig.1, whose
Hamiltonian can be given by [35]
H =
N/4∑
n=1
(J1S
1
4n−3 · S
1
4n−2 + J2S
1
4n−2 · S
2
4n−1
+J1S
2
4n−1 · S
2
4n + J2S
2
4n · S
1
4n+1). (1)
Here, the periodic boundary condition is adopted. In the
case with S1 = 12 and S
2 = 1, the model has been studied
by quantum Monte Carlo (QMC) simulation [36] and the
nonlinear σ model (NLSM) [37, 38]. The ground state of
this model is nonmagnetic with gapped excitations. The
gap varies as a function of the parameter α = J2/J1, and
vanishes at a critical point αc, which implies a quantum
phase transition between two different VBS state. Since
the VBS states of the mixed spin chains actually contain
an ensemble of spin singlet state which can be regards as
the abundance quantum information resource. It is very
desirable to study how the parameter α affects the en-
tanglement of this model or what is the relation between
the gapped excitation and the thermal entanglement.
We study both the ground state entanglement and
the thermal state entanglement of this system. The
state of a quantum system at thermal equilibrium can
be described by the density operator ρ = 1Z exp(−βH),
where β = 1kBT with kB the Boltzmann’s constant.
Z = Tre−βH is the partition function. The entanglement
in the ground state or thermal state is called ground state
entanglement or thermal entanglement, respectively. For
antiferromagnetic mixed spin chains, the ground state is
not degenerate. So the ground state can be directly ex-
pressed by the density operator ρ = 1Z exp(−βH) with
β →∞. By utilizing the SU(2) invariance of this system,
the reduced density matrix ρ(1,1) for two spins 12 or ρ
(1,2)
for one spin 12 and one spin 1 can be obtained as follows
[15]:
ρ(1,1) = g(1,1)|0, 0〉〈0, 0|+
1− g(1,1)
3
1∑
i=−1
|1, i〉〈1, i|, (2)
and
ρ(1,2) =
g(1,2)
2
1/2∑
i=−1/2
|
1
2
, i〉〈
1
2
, i|+
1− g(1,2)
4
3/2∑
i=−3/2
|
3
2
, i〉〈
3
2
, i|,(3)
where |J, Jz〉 denotes the state of total spin J and z com-
ponent Jz, and g
(1,1) and g(1,2) are the function of tem-
perature. For characterizing the ground state pairwise
entanglement and the thermal state pairwise entangle-
ment, we adopt the log-negativity as the entanglement
measure, which has been proven to be an operational
good entanglement measure. The log-negativity N(ρr)
for the two particle reduced density operator ρr is de-
fined as [39]
N(ρr) = log2 ‖ρ
Γ
r ‖, (4)
where ρΓr is the partial transpose of ρr and ‖ρ
Γ
r ‖ denotes
the trace norm of ρΓr , which is the sum of the singular val-
ues of ρΓr . For the isotropic mixed spin chains with SU(2)
symmetry, the log-negativity between any two spins can
be proven to be directly related with the two-particle
correlation function. Therefore, we can directly calcu-
late the log-negativity by slightly changing the program
for the QMC. In Fig.2, we numerically calculate the log-
negativity N (1,1) of the reduced density operator of two
nearest-neighbor spin 12 in a unit cell of the ground state
and the log-negativity N (1,2) of two nearest-neighbor dif-
ferent spin 12 and 1. It is shown thatN
(1,1) decreases from
1 to zero as the parameter α increases from 0 to 1. At
the point of VBS phase transition labelled by αc ≃ 0.768,
the entanglement experience a sharply descent. While
the entanglement between two nearest-neighbor different
spins 12 and 1 characterized by log-negativity N
(1,2) is
zero for small values of α, and near the critical point it
increases with α and experience a sharply ascent at the
critical point. Unfortunately, we find that the ground
state entanglement only exists between two spins in the
same unit cell. In the numerical calculation of the log-
negativity of the ground state, we have set β = 200 and
N = 128. We conjecture that the descent or ascent of log-
negativity near the critical point can be more sharp if the
value of β is chosen very very large, though this can con-
sume more and more computation time. From Fig.2, one
3can imagine that the quantum mixed spin chain in zero
temperature can be utilized as a very good entanglement
switch by controlling the parameter α. Recently, Pachos
and Plenio have shown that some kinds of atomic lattice
can be use to simulation the Hamiltonian of various con-
trollable Heisenberg spin chain [25]. It can motivate us
to realize the quantum mixed spin chain in the system of
atomic lattice. Then we easily obtain the quantum mixed
spin chain with controllable parameter α. The details of
suggestion is discussed elsewhere.
III. The thermal state entanglement of quantum
mixed spin chain
In what follows, we turn to consider the thermal entan-
glement of the mixed spin chain. In Fig.3, we calculate
the log-negativityN (1,1) characterizing the entanglement
of two nearest-neighbor as the function of kBT . It is
shown that, if the parameter α is smaller than the crit-
ical point αc, the entanglement decreases with the tem-
perature and vanishes when the temperature goes beyond
a threshold value. However, in the cases with α > αc,
the entanglement firstly increases with temperature and
achieves a local maximal value, then decreases with tem-
perature and eventually vanishes. We can also find that
in the cases with low temperature, the entanglement be-
tween two nearest-neighbor spin 12 significantly decreases
with α. It is natural to conjecture that the thermal state
entanglement is closely related with fact whether this sys-
tem has the gapped excitation.
In Fig.4, we plotted the log-negativity N (1,2) as the
function of kBT for three different values of α near the
critical point. Being distinct from the entanglement of
two spin 12 , if the parameter α is larger than the critical
point, the entanglement between two nearest-neighbor
different spin 12 and 1 decreases with the temperature
and vanishes when the temperature goes beyond another
threshold value which is about half of the threshold value
concerning the two spin 12 . In the case with α < αc, the
entanglement of spin 1/2 and spin 1 firstly increases with
the temperature, and achieves a local maximal value and
then decreases with temperature. From Fig.4, we can
also find that the thermal entanglement increases with α,
which is consistent with the ground state entanglement.
For more deeply understanding the relation between
thermal entanglement and the gapped excitation, the
analysis of the entanglement of the excited state of the
quantum mixed spin chain is necessary. In what follows,
we briefly present a simple numerical method to calculate
the log-negativity of the first excited state. In fact, the
reduced density matrix of two spins in the first excited
state can be obtained by the following procedure.
ρ =
1
Z
e−βH ≈
1
Z
(e−βEg |g〉〈g|+ e−βE1 |e1〉〈e1|) (5)
if the temperature is very very low. Then the reduced
density matrix of any two spins can also be expressed
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FIG. 2: The log-negativity N (1,1) of the reduced density oper-
ator of two nearest-neighbor spin 1
2
in a unit cell of the ground
state and the log-negativity N (1,2) of two nearest-neighbor
different spin 1
2
and 1 are plotted as the function of α. The
length of the lattice sites is chosen as N = 128 and the inverse
temperature β ≡ 1
kBT
= 200.
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FIG. 3: The log-negativity N (1,1) of the reduced density op-
erator of two nearest-neighbor spin 1
2
in a unit cell of the
thermal state is plotted as the function of kBT . The length
of the lattice sites is chosen as N = 128. From top to bottom,
α = 0.758, 0.768, 0.778, respectively.
as the weight sum of the reduced density matrices of the
ground state and the first excited state. By iterating this
procedure, we can obtain the log-negativity of two spins
in any excited state. The details of this work will be
presented elsewhere.
V. CONCLUSSION
In this paper, we we investigate the ground state entan-
glement of the mixed spin chain up to 128 sites by explor-
ing the log-negativity as an entanglement measure. Two
distinct behaviors of pairwise entanglement are found.
We provide a evidence that the ground state entangle-
ment between two 1/2 spins or between 1/2 spin and 1
spin are closely related to the so-called VBS phase tran-
sition. At the point of VBS phase transition, the ground
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FIG. 4: The log-negativity N (1,2) of the reduced density oper-
ator of two nearest-neighbor spin 1
2
and 1 in a unit cell of the
thermal state is plotted as the function of kBT . The length
of the lattice sites is chosen as N = 128. From top to bottom,
α = 0.778, 0.768, 0.758, respectively.
state between two 1/2 spins can be transferred to two
different kinds of spins i.e. the spin 1/2 and spin 1 or
vice versa. Furthermore, the thermal state pairwise en-
tanglement is also studied and whether the thermal en-
tanglement can be improved by increasing the tempera-
ture or not is also addressed, which strongly depends on
the parameter α = J2/J1. It is shown that N
(1,1) de-
creases from 1 to zero as the parameter α increases from
0 to 1. At the point of VBS phase transition labelled
by αc ≃ 0.768, the entanglement experience a sharply
descent. While the entanglement between two nearest-
neighbor different spins 12 and 1 characterized by log-
negativity N (1,2) is zero for small values of α, and near
the critical point it increases with α and experience a
sharply ascent at the critical point. Unfortunately, we
find that the ground state entanglement only exists be-
tween two spins in the same unit cell. In the numerical
calculation of the log-negativity of the ground state, we
have set β = 200 and N = 128. if the parameter α
is smaller than the critical point αc, the entanglement
decreases with the temperature and vanishes when the
temperature goes beyond a threshold value. However, in
the cases with α > αc, the entanglement firstly increases
with temperature and achieves a local maximal value,
then decreases with temperature and eventually vanishes.
We can also find that in the cases with low temperature,
the entanglement between two nearest-neighbor spin 12
significantly decreases with α. Being distinct from the
entanglement of two spin 12 , if the parameter α is larger
than the critical point, the entanglement between two
nearest-neighbor different spin 12 and 1 decreases with
the temperature and vanishes when the temperature goes
beyond another threshold value which is about half of the
threshold value concerning the two spin 12 . In the case
with α < αc, the entanglement of spin 1/2 and spin 1
firstly increases with the temperature, and achieves a lo-
cal maximal value and then decreases with temperature.
It is natural to conjecture that the thermal state entan-
glement is closely related with fact whether this system
has the gapped excitation.
ACKNOWLEDGMENT
This project was supported by the National Natural
Science Foundation of China (Project NO. 10174066).
[1] A. Einstein, B. Podolsky, and N. Rosen, Phys. Rev. 47,
777 (1935).
[2] J. I. Cirac, and P. Zoller, Nature 404, 579 (2000);
M. A. Nielsen, and I. L. Chuang, Quantum Computa-
tion and Quantum Information (Cambridge University
Press, Cambridge, 2000).
[3] C. H. Bennett, and D. P. Divincenzo, Nature 404, 247
(2000).
[4] K. M. O’Connor, and W. K. Wootters, Phys. Rev. A 63,
052302 (2001).
[5] M. C. Arnesen, S. Bose, and V. Vedral, Phys. Rev. Lett.
87, 017901 (2001).
[6] P. Zanardi, Phys. Rev. A 65, 042101 (2002).
[7] X. Wang, Phys. Rev. A 64, 012313 (2001).
[8] A. Osterloh et al., Nature 416, 608 (2002).
[9] T. J. Osborne, and M. A. Nielsen, Phys. Rev. A 66,
032110 (2002).
[10] G. Vidal, J. I. Latorre, E. Rico and A. Kitaev, Phys. Rev.
Lett. 90, 227902 (2003).
[11] Yu Shi, Phys. Lett. A 309, 254 (2003).
[12] X. Wang, Phys. Rev. A 66, 044305 (2002).
[13] I. Bose, and E. Chattopadhyay, Phys. Rev. A 66, 062320
(2002).
[14] A. Saguia, and M. S. Sarandy, Phys. Rev. A 67, 012315
(2003).
[15] J. Schliemann, Phys. Rev. A 68, 012309 (2003); ibid, 72,
012307 (2005).
[16] S.-B. Li, and J.-B. Xu, Phys. Lett. A 311, 313 (2003);
ibid 334, 109 (2005).
[17] U. Glaser, H. Bu¨ttner, and H. Fehske, Phys. Rev. A 68,
032318 (2003).
[18] F. Verstraete, M. Popp, and J. I. Cirac, Phys. Rev. Lett.
92, 027901 (2004).
[19] L.-A. Wu, M. S. Sarandy, and D. A. Lidar, Phys. Rev.
Lett. 93, 250404 (2004).
[20] A. N. Jordan, and M. Bu¨ttiker, Phys. Rev. Lett. 92,
247901 (2004).
[21] R. Somma et al., Phys. Rev. A 70, 042311 (2004).
[22] X. Wang, H. Li, Z. Sun, and Y.-Q. Li, New J. Phys. 7,
83 (2005).
[23] F. Verstraete, M. A. Mart´in-Delgado, and J. I. Cirac,
Phys. Rev. Lett. 92, 087201 (2004).
[24] F. Verstraete, D. Porras, and J. I. Cirac, Phys. Rev. Lett.
93, 227205 (2004).
5[25] J. K. Pachos, and M. B. Plenio, Phys. Rev. Lett. 93,
056402 (2004).
[26] H. Fan, V. Korepin, and V. Roychowdhury, Phys. Rev.
Lett. 93, 227203 (2004).
[27] F. D. M. Haldane, Phys. Lett. A 93A, 646 (1983); Phys.
Rev. Lett. 50, 1153 (1983).
[28] M. Verdaguer, A. Gleizes, J. P. Renard, and J. Seiden,
Phys. Rev. B 29, 5144 (1984); A. Gleizes, and M. Verda-
guer, J. Am. Chem. Soc. 106, 3727 (1984); Y. Pei,
M. Verdaguer, O. Kahn, J. Sletten, and J. P. Renard,
Inorg. Chem. 26, 138 (1987).
[29] O. Kahn, Y. Pei, and Y. Journaux, Inorganic Materials
(Wiley, New York, 1992), 59-114.
[30] A. Zheludev, S. Maslov, T. Yokoo, S. Raymond, S. E. Na-
gler, and J. Akimitsu, J. Phys.: Condens. Matter 13,
R525 (2001).
[31] M. Hagiwara, K. Minami, Y. Narumi, K. Tatani, and
K. Kindo, J. Phys. Soc. Jpn. 67, 2209 (1998).
[32] See, A. Auerbach, Interacting Electrons and Quantum
Magnetism (Springer Verlag 1994).
[33] E. H. Lieb, T. Schultz, and D. J. Mattis, Ann. Phys.
(N.Y.) 16, 407 (1961).
[34] H. G. Evertz, G. Lana, and M. Marcu, Phys. Rev. Lett.
70, 875 (1993); U. J. Wiese, and H.-P. Ying, Z. Phys.
B: Condens. Matter 93, 147 (1994); B. B. Beard, and
U. J. Wiese, Phys. Rev. Lett. 77, 5130 (1996); K. Harada,
M. Troyer and N. Kawashima, J. Phys. Soc. Jpn. 67, 1130
(1998); S. Todo, and K. Kato, Prog. Theor. Phys. Suppl.
138, 535 (2000); S. Todo, K. Kato, and H. Takayama, J.
Phys. Soc. Jpn. 69, 355 (2000).
[35] Z.-X. Xu, J.-H. Dai, H.-P. Ying, and B. Zheng, Phys.
Rev. B 67, 214426 (2003).
[36] T. Tonegawa, T. Hikihara, M. Kaburagi, T. Nishino,
S. Miyashita, and H.-J. Mikeska, J. Phys. Soc. Jpn. 76,
1000 (1998).
[37] T. Fukui, and N. Kawakami, Phys. Rev. B 55, R14 709
(1997); 56, 8799 (1997).
[38] K. Takano, Phys. Rev. Lett. 82, 5124 (1999); Phys. Rev.
B 61, 8863 (2000).
[39] G. Vidal, and R. F. Werner, Phys. Rev. A 65, 032314
(2002).
